
4 Zrunvkhhw <= Prwlrq ri Fkdujhg Sduwlfohv

lq Hohfwurpdjqhwlf Ilhogv

Lq wklv zrunvkhhw zh frqwlqxh h{sorulqj hohfwurpdjqhwlvp xvlqjPdwkhpdwlfd
dqg Iruwudq1 Zh zloo qrz vwxg| wkh prwlrq ri fkdujhg sduwlfohv lq furvvhg
hohfwulf dqg pdjqhwlf �hogv1 Wklv zloo qhfhvvlwdwh vroylqj ruglqdu| gl�huhqwldo
htxdwlrqv +RGH*v,1 Wklv zloo eh rxu odvw zrunvkhhw iru wklv vhphvwhu1 Zh
krsh |rx hqmr|hg ohduqlqj pruh derxw Pdwkhpdwlfd dqg ehlqj lqwurgxfhg wr
Iruwudq1 Zh kdyh e| qr phdqv fryhuhg hlwkhu rqh h{kdxvwlyho|/ dqg krshixoo|
|rx zloo frqwlqxh ohduqlqj pruh derxw frpsxwdwlrqdo sk|vlfv wkurxjkrxw
|rxu hgxfdwlrq dqg fduhhu1

\rx zloo kdyh wkuhh fodvv shulrgv iru wklv zrunvkhhw1

414 Sureohp Irupxodwlrq

Frqvlghu wkh prwlrq ri d sduwlfoh zlwk fkdujh ^ zlwk lqlwldo yhorflw| O� � lq
dq hohfwurpdjqhwlf �hog zlwk hohfwulf �hog O.EOoc |� dqg pdjqhwlf �hog O�EOoc |�1
Lq jhqhudo/ wkhvh fdq eh dq| ixqfwlrq ri frruglqdwhv dqg wlph/ exw lq wklv
zrunvkhhw zh zloo uhvwulfw rxu dwwhqwlrq wr wkh fdvh zkhq wkh gluhfwlrq ri wkh
�hogv lv �{hg/ dqg wkhlu pdjqlwxghv rvfloodwh kduprqlfdoo| zlwk d iuhtxhqf|
/ dqg dpsolwxghv B. dqg B� durxqg . � dqg � � 1 Li zh ohw wkh dqjoh ehwzhhq
O. dqg O� eh w dqg wkh skdvh glvsodfhphqw ehwzhhq wkhlu rvfloodwlrq )/ wkhq
lw lv txlwh jhqhudo wr dvvxph wkdw=

O� ' � � E� n B� � ULt/|� � 	5 +4,

O. ' . � d� n B. � ULt E/|n )�o � E	% t�? w n 	5 ULt w�

Lq wkh zrunvkhhw zh zloo frqvlghu rqo| vshfl�f vlpsohu fdvhv ri wklv jhqhudo
fdvh1

Wkh fodvvlfdo prwlrq ri wkh sduwlfoh lq vxfk d �hog lv ghwhuplqhg e| Qhz0
wrq*v htxdwlrq ri prwlrq/ zkhuh wkh irufh lv jlyhq e|=
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Dv xvxdo/ zh zloo eh lqwhuhvwhg prvwo| lq txdolwdwlyh xqghuvwdqglqj ri wkh
prwlrq/ vr vhw

�
� ' �1 Zh fdq qrz zulwh wklv dv dq RGH iru Oo ' OoE|� zlwk d

jlyhq lqlwldo yhorflw| O�E| ' f� ' O� � dqg vwduwlqj srvlwlrq OoE| ' f� ' Oo � =
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' O� �
Pruh irupdoo|/ htxdwlrq 5 lv zkdw lv nqrzq dv d vhfrqg rughu lqlwldo ydoxh

sureohp +LYS,/ dqg wkhuh duh pdq| qxphulfdo whfkqltxhv dlphg dw vroylqj
wklv w|sh ri h{wuhpho| frpprq htxdwlrq1 Pdwkhpdwlfd*v ixqfwlrq QGVroyh

lv htxlsshg zlwk d vxlwh ri vxfk whfkqltxhv/ dqg wkhuh pdq| Iruwudq oleudulhv
wkdw vroyh sureohpv ri wkh w|sh 5 dv zhoo1

415 Qxphulfdo Vroxwlrq ri LYS*v= Hxohu Phwkrg

416 Iluvw Rughu LYS*v

Zkhq dssurdfklqj d sureohp qxphulfdoo|/ lw lv xvxdoo| zlvh wr zulwh lq wkh
prvw jhqhudo +|hw vshfl�f, zd|/ vr wkdw wkh vdph qxphulfdo dojrulwkp fdq eh
xvhg iru d ydulhw| ri sureohpv1 D w|slfdo vhfrqg rughu LYS kdv wkh irup=

_ � O+
_% � ' OsE%c O+c

_O+

_%
� +7,

O+E% � � ' O+ � / _O+E% � �
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' O+ �	
Orrn dw htxdwlrq 6 dqg lghqwli| doo wkh yduldeohv lq wkh deryh htxdwlrq

ehiruh surfhhglqj1
Prvw qxphulfdo phwkrgv duh wdloruhg iru wkh �uvw rughu LYS/

_O+

_%
' OsE%c O+� +8,

O+E% 
 � ' O+ �
vlqfh dq| sureohp ri rughu ?/ vxfk dv 7 +? ' 2,/ fdq eh fdvw dv d �uvw rughu

sureohp e| lqwurgxflqj dx{loldu| yduldeohv iru wkh ? � � orzhu ghulydwlyhv1
Iru h{dpsoh/ ht1 7 fdq eh zulwwhq lq wkh irup ri ht1 8 e| lqwurgxflqj d qhz
yduldeoh iru wkh �uvw ghulydwlyh O+ � +yhorflw|,=
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Dowkrxjk wklv lv irupdoo| v|vwhp ri �uvw rughu LYS*v/ lw lv lq idfw htxlydohqw
wr d irupdo �uvw rughu LYS iru wkh yduldeoh wkdw dsshqgv wkh �uvw ghulydwlyh

zlwk wkh yduldeoh lwvhoi/ Ot ' dO+
� 111O+o/

_Ot
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�� 111O+ � o +:,

zkhuh O8 E%c Ot � '
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 �

vr wkdw dq| phwkrg wkdw fdq vroyh 8 fdq dovr vroyh 9 dqg wkxv dovr 71
Ehiruh surfhhglqj/ uhzulwh htxdwlrq 6 dv d �uvw rughu LYS +hlwkhu lq wkh irup
9 ru :, dqg vkrz |rxu uhvxow wr |rxu whdfkhu ru WD1

417 Hxohu*v Phwkrg

Iurp khuh rq zh zloo rqo| glvfxvv sureohp 8/ kdylqj lq plqg wkh suhylrxv
glvfxvvlrq1 Wkh vlpsohvw qxphulfdo phwkrg iru vroylqj vxfk dq htxdwlrq lv
Hxohu*v phwkrg/ zklfk vwhsv wkurxjk wkh lqghshqghqw yduldeoh +wlph, lq vpdoo
wlph vwhsv _% iurp wkh fxuuhqw ydoxh %/ xvlqj d �uvw0rughu Wd|oru h{sdqvlrq
wr dssur{lpdwh wkh ghshqghqw yduldeoh + dw wkh qh{w wlph vwhs %n _%=

O+E%n _%� � O+E%� n
_O+E%�

_%
' O+E%� n Os d%c O+E%�o

Lw lv fohdu wkdw rqfh zh kdyh dq htxdwlrq iru Os zh fdq vwduw iurp wkh
lqlwldo srlqw % � dqg vwhs wkurxjk wlph xqwlo dq| ghvluhg srlqw wr rewdlq dq
dssur{lpdwh vroxwlrq iru wkh LYS1 Hxohu phwkrg lv yhu| vorz dqg d yhu|
vpdoo vwhs vl}h _% lv qhhghg wr dfklhyh jrrg uhvxowv/ exw lw lv surwrw|slfdo ri
wkh frpprqo| xvhg phwkrgv/ vxfk dv Uxqjh0Nxwwd phwkrgv +vhh Qxphulfdo
Uhflslhv iru d ghvfulswlrq/ ru wkh �oh 2fodvvhv2sk|5342UN71i<3,1
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5 Vroxwlrq lq Pdwkhpdwlfd

Pdwkhpdwlfd*v ixqfwlrq QGVroyh lpsohphqwv ydulrxv dojrulwkpv iru vroylqj
�uvw dqg kljkhu rughu LYS*v1 Xqolnh Iruwudq/ lw lv d v|perolf dojheud wrro vr lw
fdq frqyhuw dq| kljkhu rughu LYS*v lqwr �uvw rughu dxwrpdwlfdoo| dqg lqyroyh
wkh dssursuldwh vroyhu wr rewdlq dq dssur{lpdwh qxphulfdo vroxwlrq1 Orrn dw
wkh grfxphqwdwlrq sdjhv xqghu Khos wr vhh w|slfdo h{dpsohv ri xvdjh1

Mxvw dv hduolhu/ lq Pdwkhpdwlfd lw lv srvvleoh wr iroorz wkh deryh sk|vlfdo
irupxodwlrq yhu| forvho| zlwkrxw zruu|lqj pxfk derxw wkh qxphulfdo dvshfwv
zh glvfxvvhg deryh1 Rxu ghshqghqw yduldeoh lv wkh srvlwlrq ri wkh sduwlfoh/
u@~{^w`/|^w`/}^w`�/ zlwk yhorflw| y@~{*^w`/|*^w`/}*^w`�1 Zulwh grzq
wkh h{suhvvlrqv lq htxdwlrqv 4 dqg wkhq fdofxodwh wkh irufh lq 5 dqg wkhq
zulwh wkh v|vwhp ri htxdwlrqv 61

Qrz xvh QGVroyh wr vroyh iru wkh ruelw ri wkh fkdujhg sduwlfoh lq wkhvh
vlpsol�hg fdvhv/ dqg sorw wkh ruelw xvlqj SdudphwulfSorw6G lq hdfk fdvh=

41 � � ' �/ . � ' f/ B� ' f/ dqg fkrrvh dq| lqlwldo srvlwlrq dqg yhorflw|1
Zkdw lv wkh sk|vlfdo vlwxdwlrq lq wklv fdvhB Zkdw lv wkh vroxwlrq/ dv
|rx ohduqhg lq |rxu HP fodvvB Yhuli| |rxu jxhvvhv1

51 � � ' �/ . � ' f/ B� ' �/ / ' f�21 Vdph dv deryh1

61 � � ' �/ . � ' �/ w ' f/ B� ' f/ B. ' f1 H{sodlq wkh uhvxowv1

71 � � ' �/ . � ' �/ w '
�

� / B� ' f/ B. ' f1 H{sodlq wkh uhvxowv1

81 H{shulphqw zlwk rwkhu frpelqdwlrqv wkdw |rx �qg lqwhuhvwlqj1

6 Vroxwlrq lq Iruwudq

614 Hxohu*v Phwkrg

Wkh Iruwudq vroxwlrq wr wklv sureohp zloo ri frxuvh wdnh vrph pruh h�rug1
\rx vkrxog zulwh d surjudp ru ehwwhu |hw d surfhgxuh wkdw xvhv wkh Hxohu
phwkrg wr lqwhjudwh d �uvw rughu LYS ri wkh irup 81 Dvvxph wkdw wkh ixqfwlrq
Os douhdg| h{lvwv dqg zloo eh sdvvhg dv dq dujxphqw dorqj zlwk qxpehu ri
xqnqrzqv qbxqnqrzqv lq wkh ghshqghqw yduldeoh O+ +lq rxu fdvh wklv lv 9�6
frruglqdwhv dqg 6 yhorflwlhv,/ wkh qxpehu ri wlph vwhsv qbsrlqwv wr wdnh dqg
rxwsxw wkh vroxwlrq dw/ wkh lqlwldo frqglwlrqv {3 dqg |3/ dv zhoo dv wkh vwhs
vl}h g{=
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PRGXOH LYSVroyh

XVH Suhflvlrq

111

VXEURXWLQH Hxohu+i/|/qbxqnqrzqv/qbsrlqwv/g{/{3/|3,

$ Wkh ixqfwlrq i lv sdvvhg dv dq dujxphqw=

LQWHUIDFH

VXEURXWLQH i+{/|/|bsulph/qbxqnqrzqv,

XVH Suhflvlrq

LQWHJHU qbsrlqwv

UHDO+NLQG@zs, == {

UHDO+NLQG@zs,/ GLPHQVLRQ+qbxqnqrzqv, == |/ |bsulph

HQG VXEURXWLQH i

HQG LQWHUIDFH

LQWHJHU == qbxqnqrzqv/qbsrlqwv

$ Xsrq h{lw/ wklv duud| vkrxog frqwdlq wkh vroxwlrq

UHDO+NLQG@zs,/ GLPHQVLRQ+qbxqnqrzqv/qbsrlqwv, == |

UHDO+NLQG@zs, == g{/ {3 $ Vwhs vl}h dqg lqlwldo {

UHDO+NLQG@zs,/ GLPHQVLRQ+qbxqnqrzqv, == |3 $ Lqlwldo |

111

111Ghfoduh dq| qhhghg orfdo yduldeohv khuh111

111Lqlwldol}h yduldeohv iru wkh GR orrs111

GR l@4/qbsrlqwv04

111Fdofxodwh { khuh lq vwhsv ri g{ vwduwlqj dw {3111

FDOO i+{/|+=/l,/|bsulph/qbxqnqrzqv,

|+=/l.4,@|+=/l,.|bsulph-g{ $ Hxohu*v phwkrg

111

HQG GR

111

HQG VXEURXWLQH Hxohu

HQG PRGXOH LYSVroyh

Ihho iuhh wr xvh dq| rwkhu dssurdfk1 Wkhuh lv dpsoh urrp iru lpsuryh0
phqw lq wkh deryh vfkhph1 Iru h{dpsoh/ zk| rxwsxw wkh vroxwlrq dw hyhu|
wlph vwhs/ dqg qrw hyhu| ghvluhg qbrxwsxw vwhsvB Wklv zloo vdyh rq vwru0
djh/ hvshfldoo| li qbsrlqwv lv yhu| odujh1 Dovr/ wkrvh wkdw ihho xs wr lw fdq
wu| frglqj d pruh vrsklvwlfdwhg dojrulwkp/ vxfk dv Uxqjh0Nxwwd dqg dvn iru
dvvlvwdqfh li qhhghg +|rx fdq xvh wkh �oh UN71i<3 dv d whpsodwh,1

8



615 Wkh ixqfwlrq i

Lw pd| eh zlvh wr �uvw whvw |rxu Hxohu urxwlqh rq d vlpsoh fdvh/ vxfk dv d
vlpsoh kduprqlf rvfloodwru/

� � �
� � � ' �&%/ e| sulqwlqj +ru sorwwlqj, |rxu vroxwlrq

wr yhuli| fruuhfwqhvv1 Lw zloo wkhq eh rqh pruh vwhs wr prgli| wkh ixqfwlrq Os

wr uh hfw wkh sureohp ri wkh prwlrq ri d sduwlfoh lq dq hohfwurpdjqhwlf �hog1
Wkh vwudwhj| lv wkh vdph dv xvxdo1 Pdnh d vhsdudwh prgxoh lq zklfk |rx
zloo sodfh Os / dqg pdnh dq| sk|vlfdo sdudphwhuv lw pd| xvh/ vxfk dv . � dqg
� � / sxeolf prgxoh yduldeohv/ vr wkdw wkh pdlq surjudp fdq vhw wkhlu ydoxhv
odwhu rq1 Zh ohdyh lw xs wr |rxu lqjhqxlw| wr frgh wkh yhfwru h{suhvvlrqv
dsshdulqj lq ht1 4 dv |rx zlvk1 Zh uhfrpphqg xvlqj Pdwkhpdwlfd wr khos
|rx lq vlpsoli|lqj wkh h{suhvvlrqv ehiruh frglqj wkhp lq Iruwudq1

616 Sorwwlqj wkh Vroxwlrq

\rxu pdlq surjudp vkrxog dv xvxdo �uvw vhw wkh ydoxhv ri wkh sk|vlfdo sd0
udphwhuv lq wkh sureohp1 Vlpso| fkrrvh rqh ri wkh fdvhv |rx dqdo|}hg lq
Pdwkhpdwlfd1 Wkhq fdoo wkh lqwhjudwlrq urxwlqh Hxohu wr rewdlq wkh dssur{0
lpdwh vroxwlrq1

Wkh prgxoh VlpsohJudsklfv kdv ehhq vxssohphqwhg zlwk d urxlqh iru
sorwwlqj srlqwv lq 6G/ Sorw6G1 Wkh grfxphqwdwlrq lq/

kwws=22frpsxwdwlrq1sd1pvx1hgx2sk|5342VlpsohJudsklfv1kwpo
frqwdlqv wkh fdoolqj lqwhuidfh dqg dq h{dpsoh1 Vr d vlpsoh/

FDOO Sorw6G+{@|+7/=,/|@|+8/=,/}@|+9/=,/111,

zloo sorw wkh ruelw ri wkh sduwlfoh lq Fduwhvldq vsdfh1 Wkh h{hfxwdeoh
vroxwlrq wr wklv dvvljqphqw lv lq rxu fodvv gluhfwru|1 Orrn dw lw$

617 Dgydqfhg= Wkh uhdg|0pdgh prgxoh RGH

Wkhuh duh pdq| sxeolfo| dydlodeoh vrsklvwlfdwhg Iruwudq oleudulhv iru vroylqj
LYS*v1 Lq Iruwudq <3/ vxfk d oleudu| lv UNVXLWH<3/ zklfk lpsohphqwv dgds0
wlyh Uxqjh0Nxwwd phwkrgv1 Wklv oleudu|/ ru lwv IRUWUDQ :: frxqwhusduw
UNVXLWH/ duh e| qr phdqv hdv| wr xvh/ vr zh kdyh djdlq pdgh d zudsshu urx0
wlqh/ RGHVroyh lq wkh prgxoh RGH/ irxqg lq rxu fodvv gluhfwru|1 Wkh lqwhuidfh
iru wkh urxwlqh lv=

vxeurxwlqh RGHVroyh+i/qbht/{budqjh/qbsrlqwv/|3/{/|/uhohuu/devhuu,
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lqwhuidfh

vxeurxwlqh i+{/|/g|,

lqwhjhu/ sdudphwhu == zs@nlqg+313G3,

uhdo+nlqg@zs,/ lqwhqw+lq, == {

uhdo+nlqg@zs,/ glphqvlrq+-,/ lqwhqw+lq, == |

uhdo+nlqg@zs,/ glphqvlrq+-,/ lqwhqw+rxw, == g|

hqg vxeurxwlqh i

hqg lqwhuidfh

lqwhjhu/ lqwhqw+lq, == qbht $ Qxpehu ri xqnqrzqv

$ Wkh udqjh ri ydoxhv wr vroyh lq +dv lq QGVroyh,

$ Wkxv {budqjh+4,@{3

uhdo+nlqg@zs,/ glphqvlrq+5,/ lqwhqw+lq, == {budqjh

lqwhjhu/ lqwhqw+lq, == qbsrlqwv $ Qxpehu ri rxwsxw srlqwv

uhdo+nlqg@zs,/ glphqvlrq+qbht,/ lqwhqw+lq, == |3 $ Lqlwldo |

$ Li |rx qhhg wkhp +iru sorwwlqj,/ |rx fdq jhw wkh

$ ydoxhv ri { iru zklfk wkh vroxwlrq zdv rxwsxwhg1

$ Exw qrwh wkdw {@+2+{3.+l04,-g{/l@4/qbsrlqwv,2, dozd|v=

uhdo+nlqg@zs,/ glphqvlrq+qbht,/ lqwhqw+rxw,/ rswlrqdo == {

uhdo+nlqg@zs,/ glphqvlrq+qbht/qbsrlqwv, == | $ Wkh vroxwlrq

uhdo+nlqg@zs,/ lqwhqw+lq, == uhohuu $ Ghvluhg uhodwlyh huuru

$ Wkh devroxwh huuru lv rswlrqdo=

uhdo+nlqg@zs,/ glphqvlrq+qbht,/ lqwhqw+lq,/ rswlrqdo == devhuu

hqg vxeurxwlqh RGHVroyh

Orrnv frpsolfdwhgB Qrw dw doo1 Wdnh d orrn dw wkh h{dpsoh Kduprqlf1i<3
lq rxu fodvv gluhfwru|1 Wr frpsloh surjudpv wkdw xvh wklv prgxoh/ �uvw gr d
+qrw qhffhvvdu| li |rxu SF kdv ehhq uhfhqwo| uhvwduwhg,/

& vrxufh 2fodvvhv2sk|5342RGH1lqlw

dqg wkhq dsshqg d 'RGHyi<3 wr |rxu frpslodwlrq olqh1 Qrwlfh wkdw wklv
urxwlqh uhtxluhv xvlqj grxeoh suhflvlrq qxpehuv/ zkloh wkh sorwwlqj urxwlqhv
uhtxluh vlqjoh0suhflvlrq ydoxhv1 Frqyhuvlrq zloo eh qhffhvvdu|$

:


